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We consider supersymmetrization of Hamiltonian dynamics via antibrackets for systems
whose Hamiltonian generates an isometry of the phase space. We find that the models
are closely related to the supersymmetric non-linear σ-model. We interpret the corres-
ponding path integrals in terms of super loop space equivariant cohomology. It turns
out that they can be evaluated exactly using localizations techniques.
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Localization theorems (for a review see eg. [1]) state that certain infinite or finite
dimensional integrals can be reduced to finite dimensional integrals or discrete sums,
provided certain geometrical conditions are satisfied. This happens for example in topo-
logical theories where localization is achieved using Mathai-Quillen formalism [2]. On
the other hand, the Duistermaat-Heckman theorem [3] can be applied to some Hamilto-
nian systems if the Hamiltonian generates isometries on the phase space. In this letter
we shall consider supersymmetrized Hamiltonian mechanics using antibrackets and path
integral localization techniques. The antibracket was introduced by Batalin and Fradkin
[4] for the Lagrangian quantization of field theories with constraints. In this letter we
use it to define odd symplectic structures on supermanifolds, which allows us to consider
Hamiltonian systems. However, since the corresponding Hamiltonian is odd, it is nec-
essary to construct an even symplectic structure and an even Hamiltonian to quantize
the systems with path integrals. This turns out to be possible for Hamiltonians which
generate isometries [5]. This condition enables the application of localization methods
[6] based on the equivariant cohomology [7] to evaluate the corresponding path integrals
exactly. These results can be interpreted as infinite dimensional generalizations of the
Duistermaat-Heckman theorem [3].
This letter is organized as follows. First we consider formulation of Hamiltonian
dynamics on a supermanifold using both odd and even symplectic structures. With the
even structure we are able to consider the corresponding quantum mechanical parti-
tion functions. It turns out that the models are closely related to the supersymmetric
non-linear σ-model. We interpret the pertinent path integrals using equivariant coho-
mology and evaluate them exactly by localization. The results turn out to be equivariant
generalizations of familiar topological invariants.
We start by considering a Hamiltonian system (M,ω,H) where M is a phase space
with a symplectic 2-form ω = 12ωabdx
a ∧ dxb (in local coordinates) and H is the Hamil-
tonian. The symplectic structure determines the Poisson bracket
{A,B} = ω(χA, χB) = ∂aAωab∂bB . (1)
Hamilton’s equations of motion are given by x˙a = {xa,H} = χa
H
. Here χH denotes the
Hamiltonian vector field corresponding to H determined by the equation
dH + ιHω = 0 (2)
where ιH denotes the contraction along χH .
We can also consider Hamiltonian dynamics on the supermanifold M associated to
the cotangent bundle T ∗M . The coordinates on M are denoted by zA = (xa, θa). We
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define an odd symplectic structure onM by introducing a non-degenerate odd symplectic
2-form
Ω1 = dzAΩ1ABdz
B (3)
This 2-form determines the antibracket (odd Poisson bracket) whose grading and anti-
symmetry properties are opposite to those of the ordinary graded Poisson bracket:
ǫ(A,B) = ǫ(A) + ǫ(B) + 1 ,
(A,B) = −(−1)(ǫA+1)(ǫB+1)(B,A) ,
(A,BC) = (A,B)C + (−1)ǫB(ǫA+1)B(A, C)
0 = (−1)(ǫA+1)(ǫC+1)(A, (B, C)) + cyclic perm . (4)
The 2-form Ω1 can be written in local coordinates zA = (xa, θa) as
Ω1 = ωabdx
a ∧ dθb + ∂ωab
∂xc
θcdθa ∧ dθb (5)
and the antibracket becomes
(A,B) = ωab
(
∂rA
∂xa
∂lB
∂θb
− ∂
rB
∂xa
∂lA
∂θb
)
+
∂ωab
∂xc
θc
∂rA
∂θa
∂lB
∂θb
(6)
where where A(x, θ) and B(x, θ) etc. are superfunctions on M. The superscripts r
and l denote right and left derivatives, respectively. In particular, we have the basic
antibrackets
(xa, xb) = 0 ,
(xa, θb) = ωab ,
(θa, θb) =
∂ωab
∂xc
θc . (7)
We define a dynamical system onM by mapping the original Hamiltonian to an odd
Hamiltonian with the function F = 12ωabθaθb
QH = (H,F) = ∂H
∂xa
θa . (8)
The antibracket coincides with the original bracket
(A,QH) = {A,H} . (9)
The corresponding equations of motion are
x˙a = (xa,QH) = χaH ,
θ˙a = (θa,QH) = ∂bχaHθb . (10)
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Using the antibracket we have thus found a supersymmetric generalization of the ordinary
Hamiltonian dynamics.
From now on we assume that the original symplectic manifold M admits a Rieman-
nian metric g for which χH is a Killing vector:
LHg = 0 (11)
or in a component form
χcH∂cgab + ∂aχ
c
Hgbc + ∂bχ
c
Hgac = 0 . (12)
Then the function Q˜H = 12gabχaHθb is an integral of motion for the antibracket
(QH , Q˜H) = 0 . (13)
Q˜H also yields a bi-Hamiltonian structure on M with the second symplectic structure ω˜
and Hamiltonian H2 = K
(F , Q˜H ) = 1
2
ω˜abθ
aθb =
1
2
[∂a(gbcχ
c
H)− ∂b(gbcχcH)] θaθb ,
(H, Q˜H ) = H2 = 1
2
gabχ
a
Hχ
b
H (14)
Assuming that ω˜ is non-degenerate we see that the equations of motions coincide
∂K
∂xa
= ω˜abω
bc ∂H
∂xc
(15)
This means that the system is classically integrable.
We proceed to reformulate the dynamics on M using an even Poisson bracket. We
want to do this since we need an even Hamiltonian and symplectic structure for path
integral quantization. An even symplectic structure on M is given by the following
supersymplectic 2-form [5]
Ωα =
1
2
(
ω(α)ab +Rabcdθ
cθd
)
dxa ∧ dxb + 1
2
gabDθ
a ∧Dθb . (16)
Here R is the Riemannian curvature of M and Dθa = dθa + Γa
bc
θbdxc the covariant
derivative on M with the metric connection
Γabc =
1
2
gae (∂bgce + ∂cgbe − ∂egbc) . (17)
The subscript α = 0, 2 refers to the symplectic structures (H0 = H,ω0 = ω,M) and
(H2, ω2 = ω˜,M). The corresponding symplectic 1-forms are
Θ0 = ϑadx
a + gabθ
aDθb
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Θ2 = gabχ
b
Hdx
a + gabθ
aDθb (18)
The 2-form Ωα determines the even Poisson bracket on M
[A,B]α = ∇aA‖ωab +Rabcdθcθd‖−1∇bB + gab ∂
rA
∂θa
∂lB
∂θb
; , (19)
where
∇a = ∂a − Γbacθc
∂
∂θb
. (20)
The equations of motion for odd and even Poisson brackets on M coincide:
[zA,Hα]α = (zA,QH ) (21)
where Hα = Hα + ω˜. The odd and even Poisson brackets provide a bi-Hamiltonian
structure also on M and therefore the system is integrable also on M.
Having found an even symplectic structure on M we proceed to quantize these sys-
tems by path integrals. We are interested in evaluating the partition functions of the
form
Z = Str exp[−iTH] =
∫
Dµ exp[iS] (22)
where H and S are the pertinent Hamiltonians and classical actions, respectively and
Dµ denotes integration over the (super) loop space LM which consists of all T -periodic
loops for both commuting and anticommuting variables. The integration measure is the
Liouville measure determined by the symplectic structure (16). The system (M,H,ω)
has the classical action
S =
∫
T
0
dt[ϑax˙
a −H] (23)
and the corresponding partition function becomes
Z =
∫
DxPf ‖ωab‖ exp[iS] =
∫
DxDη exp[iS˜] (24)
where we have introduced anticommuting variables η write the Liouville measure factor
Pf ‖ωab‖ as path integral. Now have the following action
S˜0 =
∫
T
0
dt
[
ϑax˙
a −H + 1
2
ωabη
aηb
]
. (25)
The systems (M,Hα,Ωα) have the classical actions
S0 =
∫
T
0
dt[ϑax˙
a −H + 1
2
θagab
Dθb
dt
+
1
2
ω˜abθ
aθb]
S2 =
∫
T
0
dt[gabχ
b
H x˙
a − 1
2
gabχ
a
Hχ
b
H +
1
2
θagab
Dθb
dt
+ ω˜abθ
aθb] (26)
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where
Dθb
dt
=
dθb
dt
+ x˙dΓbdcθ
c (27)
is the covariant derivative along the curve x(t). The corresponding path integral becomes,
using the superspace Liouville measure determined by Ωα
Zα =
∫
DxDθPf ‖ω(α)ab +Rabcdθ
cθd‖√
Det ‖gab‖
exp[iSα] =
∫
DxDθDFDη exp[iS˜α] (28)
where S˜α denotes now the quantum actions
S˜0 =
∫
T
0
dt[ϑax˙
a −H + 1
2
θagab
Dθb
dt
+
1
2
ω˜abθ
aθb +
1
2
ωabη
aηb
+
1
2
Rabcdη
aηbθcθd +
1
2
gabF
aF b]
S˜2 =
∫
T
0
dt[gabχ
b
H x˙
a − 1
2
gabχ
a
Hχ
b
H +
1
2
θagab
Dθb
dt
+
1
2
ω˜abθ
aθb +
1
2
ω˜abη
aηb
+
1
2
Rabcdη
aηbθcθd +
1
2
gabF
aF b] (29)
Here we have again introduced anticommuting variables ηa and commuting ones Fa to
exponentiate the determinants. In particular, if H = 0 this almost reduces to the N = 1
nonlinear supersymmetric σ-model, up to kinetic term 12gabx˙
ax˙bwhichismissing. We
shall discuss the relation of this action to the non-linear σ-model later. In addition we
have coupling to symplectic potentials ϑa and gabχ
b
H
which can be interpreted as external
gauge fields.
We shall now interpret the path integrals using super loop space equivariant coho-
mology. In the following we concentrate only on the path integrals for (M,ω,H) and
(M,Ω0,H). The reasoning is similar for the action S˜2 with the replacements H → K
and ω → ω˜. To do this we introduce exterior derivatives in LM. Half of the variables
are interpreted as coordinates and the other half as 1-forms. Parameter integrations will
not be explicitly written. The first derivative is the equivariant exterior derivative in
the loop space relevant to the path integral for (25) whose bosonic part determines a
loop space vector field χS = x˙ − χH whose zeroes define the Hamilton’s equations of
motion. We identify the anticommuting variables η as 1-forms and define the basis for
contractions
ηa ∼ dxa ,
ιaη
b = δba . (30)
We define the loop space equivariant exterior derivative
dS = d + ιS = η
a δ
δxa
+ χaSιa = η
a δ
δxa
+ (x˙a − χaH)ιa (31)
5
which squares to the loop space Lie derivative LS ∼ d/dt − LH . This is effectively
nilpotent on periodic loops and on the invariant subcomplex of equivariant differential
forms. We may use the freedom to make canonical transformations for the symplectic
potential ϑ → ϑ + dψ such that LHϑ = 0. Using this we can identify H = ιHϑ which
allows us to write the entire action in a form of a cohomological theory
S˜ = dSϑ . (32)
The other exterior derivative is a proper super loop space exterior derivative (truly
nilpotent) obtained by considering x, η as coordinates and θ, F their differentials
δ = θa
δ
δxa
+ F a
δ
δηa
. (33)
Now the actions (29) are obtained by S˜0 = S˜ + δΘ with
Θ =
1
2
gab(x˙
a − χa)θa + 1
2
Γabcη
bηcθa +
1
2
gabF˜
aηb (34)
where F˜ a = F a − Γa
bc
ηbθc. On the classical level this is consistent with the Poisson
bracket relations on M and M since the addition of an (locally) exact piece should not
change the equations of motion obtained from the action principle. However, the path
integrals will be different since we have a different number of degrees of freedom.
Now we shall first evaluate the path integrals exactly using localization techniques [6]
based on equivariant cohomology in super loop space. The evaluation relies on the Lie-
derivative condition for the metric. We first concentrate on the path integral (25). The
action S˜ is dS-closed and therefore the path integral remains intact under S˜ → S˜+λdSΨ
whenever the 1-form (gauge fermion) Ψ satisfies d2
S
Ψ = LSΨ = 0. The limit λ→ 0 gives
the original path integral and λ → ∞ gives a localization to certain configurations,
depending on Ψ.
To construct a gauge fermion Ψ we also need a metric in M . Under the assumption
that χH is a Killing vector for gab the following gauge fermions satisfy (11), as we have
assumed. Ψ = 12gabx˙
aηb reduces the path integral to an ordinary integral over M ,
producing the result
Z =
∫
dxdη exp[−iT (H − ω)]
√
Det
[ R/2
sin(TR/2)
]
=
∫
M
Ch[−iT (H − ω)]Aˆ[TR] (35)
where R = ‖Ra
b
+ Ω˜a
b
‖ is the equivariant curvature of M . The symbols Ch and Aˆ
denote the (equivariant) Chern class and the Dirac genus. To obtain this result we have
separated x, η to constant and non-constant modes and scaled the latter ones
x = x0 +
1√
λ
xt
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η = η0 +
1√
λ
ηt (36)
and integrated over non-constant modes. The Jacobian for this transformation is trivial.
The expression (35) is an equivariant generalization for the Atiyah-Singer index for a
Dirac operator on a Riemannian manifold, reducing to the standard index when H = 0.
We shall now consider the path integral for the system (M,Ωα,Hα) [8]. We interpret
xa and θa as coordinates in the super loop space and η
a and Fa as their differentials and
introduce corresponding contractions
ηa ∼ dxa ,
Fa ∼ dθa ,
ιaη
b = δba
πaFb = δ
a
b . (37)
We define the super loop space equivariant exterior derivative
Q = ηa
δ
δxa
+ Faa
δ
δθa
+ (x˙a − χaH)ιa + (θ˙b + ∂bχaHθa)πb (38)
with Q2 = LS = d/dt− LH . We introduce a canonical conjugation Q→ e−ΦQSeΦ = Q˜
which does not change its cohomology. Choosing the functional Φ = Γa
bc
πbηcθa we get
Q˜ = ηa
δ
δxa
+ Fa
δ
δθa
+ (x˙a − χaH)ιa + (θ˙a + ∂aχbHθb)πa
+
(
ΓabcFaη
b − 1
2
Rabcdη
cηdθa − (x˙b − χbH)Γabcθa + (δab ∂t + ∂aχbH)θc
)
πc . (39)
The pertinent action (29) can be obtained from the 2-dimensional N = 1 supersymmetric
σ-model by partial localization to a 1-dimensional model [8]. In this procedure the
kinetic term for the bosons (in light-cone coordinates) gab∂+φ
a∂−φ
b drops out. The
action S˜0 is Q˜-closed, Q˜S˜0 = 0, and therefore the path integral Z0 remains intact if we
add a term Q˜Ψ to the action. We shall consider the following gauge fermions. Ψ1 =
gabF
aθb+ λ2gab(x˙
a−χa
H
)ηb localizes the path integral in the limit λ→∞ to the T -periodic
classical trajectories for the original action (23)
Z0 =
∑
δS=0
sign
[
Det ‖ δ
2S
δxaδxb
‖
]
exp[iS] (40)
which can be interpreted as a loop space generalization of the Poinca´re-Hopf theorem.
By selecting Ψ2 = gabF
aθb + λ2gabx˙
aηb we find that the path integral localizes to an
ordinary integral over M
Z0 =
∫
dxdη exp[−iT (H − 1
2
ωabη
aηb)]Pf
[
1
2
(ω˜ab +R
a
bcdη
cηd)
]
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=∫
M
Ch[−iT (H − ω)]Eul [R] (41)
which is an equivariant generalization of the Gauss-Bonnet theorem for the Euler charac-
teristic of M . Indeed, setting, H = ϑ = 0 we obtain the standard formula
χ(M) =
∫
M
Eul(R) =
∑
dH=0
sign [det ‖∂a∂bH‖] . (42)
We now discuss some aspects of out results. The localization of the path integral
(22) is related to the loop space generalization of the Duistermaat-Heckman theorem, to
equivariant index and Lefschetz fixed point theorems. For example, applications to path
integral proofs for index theorems have been considered in [9]. In particular, it can be
used to evaluate exactly the path integral related to the quantization of coadjoint orbits
of semisimple Lie groups. In [10] it was shown to exactly yield the correct character for
SU(2) without the Weyl shift by replacing the Aˆ-genus by Todd-genus.
In summary, we have studied Hamiltonian systems on ordinary symplectic manifolds
and supermanifolds. On supermanifolds we found both odd and even symplectic struc-
tures for Hamiltonians generating isometries. The existence of bi-Hamiltonian structures
implied the classical integrability of the systems. The models on the supermanifold also
turned out to be closely related to the supersymmetric non-linear σ-model. It was pos-
sible to quantize the systems using the even symplectic structure and evaluate the path
integrals exactly. The results were equivariant generalizations of familiar topological in-
variants.
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